Zero-delay transmission of a Gaussian source over an additive white Gaussian noise (AWGN) channel is considered with a one-bit analog-to-digital converter (ADC) front end and a correlated side information at the receiver. The design of the optimal encoder and decoder is studied for two performance criteria, namely, the mean squared error (MSE) distortion and the distortion outage probability (DOP), under an average power constraint on the channel input. For both criteria, necessary optimality conditions for the encoder and the decoder are derived. Using these conditions, it is observed that the numerically optimized encoder (NOE) under the MSE distortion criterion is periodic, and its period increases with the correlation between the source and the receiver side information. For the DOP, it is instead seen that the NOE mappings periodically acquire positive and negative values, which decay to zero with increasing source magnitude, and the interval over which the mapping takes non-zero values, becomes wider with the correlation between the source and the side information.
the zero-delay transmission set-up analysed here, but in the absence of correlated side information at the receiver. It is noted that the zero-delay constraint prevents the application of the channel capacity results in [5] , [8] , and as it will be seen, the presence of correlated side information at the receiver significantly modifies the optimal design problem with respect to the set-up studied in [9] .
The main contributions of this work are as follows. We derive necessary optimality conditions for encoder and decoder mappings for both of the performance criteria under consideration, namely the MSE and the DOP. Based on these conditions, for the MSE criterion, we observe that, in a manner similar to the case with an infinite resolution front end studied in [10] [11] [12] , the numerically optimized encoder (NOE) mapping is periodic. Furthermore, the period of this function depends on the correlation coefficient between the source and the side information, and is independent of the input power constraint, or equivalently the channel SNR. Motivated by the structure of the NOE mappings, we also propose two simple parameterized mappings, which, although being suboptimal, approach the performance of NOE mappings in the low-and high-SNR regimes. For the DOP criterion, we also observe that the NOE mappings periodically acquire positive and negative values. Additionally, the NOE mappings for the DOP criterion decay to zero with increasing source magnitude. It is also observed that, as the correlation between the source and the side information increases, the number of changes between positive and negative values in the encoder mapping, as well as the size of the intervals of source output values for which the encoder mapping is non-zero, increase.
The rest of the paper is organized as follows. In Section II, the system model is explained. Section III focuses on the MSE criterion. We study the optimal design of the encoder and the decoder in Section III-A, while Sections III-B and III-C present two baseline suboptimal encoding schemes. In Section III-D, we consider the scenario in which the side information is also available at the encoder, and, by leveraging the results in [9] , we obtain a lower bound on the performance of the original problem with decoder-only side information. As another reference result, in Section III-E, we present the Shannon lower bound for the decoder-only side information problem. Focusing on the DOP criterion in Section IV, we first consider the optimal design of the encoder and decoder in Section IV-A. Next, in Section IV-B, as for the MSE counterpart, we consider the case in which the side information is also available at the encoder. In Section V, numerical results are provided, and Section VI concludes the paper.
Notations: Throughout the paper upper case and lowercase letters denote random variables and their realizations, respectively. The standard normal distribution is denoted by N (0, 1), and its probability density function (pdf) by Φ(·). E[·] and Pr(·) stand for the expectation and probability, respectively. Q(·) denotes the complementary cumulative distribution function (CCDF) of the standard normal distribution, defined as
The boundaries of integrals are from −∞ to ∞ unless stated otherwise. We denote the pdf of a standard bivariate normal distribution with correlation r as
and the conditional pdf for these variables as
II. SYSTEM MODEL We consider the system model in Figure 1 , in which a single Gaussian source sample V ∼ N (0, σ 2 v ) is transmitted over a single use of a channel characterized by AWGN followed by a one-bit ADC front end. Unlike the model studied in [9] , the receiver has access to side information U ∼ N (0, σ 2 u ), which is correlated with the source V . The correlation matrix of the source and the side information is given by
where r ∈ [−1, 1] denotes the correlation coefficient.
The encoded signal is obtained as X = f (V ), where f : R → R is a mapping that is constrained to satisfy an average power constraint E[f (V ) 2 ] ≤ P . At the receiver, the received noisy signal is modelled
where W ∼ N (0, σ 2 w ) is independent of the source and side information. The noisy signal Z is quantized with a one-bit ADC producing the received signal as
We define the signal-to-noise ratio (SNR) as γ = P/σ 2 w . Based on Y and U , the decoder produces an estimateV of V using a decoding function g : {0, 1} × R → R, i.e.,V = g(Y, U ).
Two performance criteria are considered in this paper, namely, the MSE distortion
and the DOP
In both cases, we aim at studying the optimal encoder mapping f , along with the corresponding optimal estimator g at the receiver, such thatD and (D) are minimized subject to the average power constraint.
More specifically, as it is common in related works (see, e.g., [10] ), we consider the unconstrained
where
for the MSE criterion,
with λ ≥ 0 being a Lagrange multiplier that defines the relative weight given to the average transmission
as compared to the distortion criterion.
III. MSE DISTORTION CRITERION
In this section, we study the performance of the system model in Figure 1 under the MSE distortion criterion. In the following, we first consider the optimal design of the encoder and the decoder, and obtain a necessary condition for the optimality of an encoder mapping. For reference, we also study two parameterized encoding schemes, namely periodic linear transmission (PLT) and periodic BPSK transmission (PBT). Then, as lower bounds, we consider the MSE in the presence of side information at both the encoder and the decoder, and the Shannon lower bound.
A. Optimal Encoder and Decoder Design
The design goal is to minimize the Lagrangian in (9) for the MSE distortion criterion. For any encoding function, the optimal decoder is the minimum MSE (MMSE) estimator
The following proposition provides a necessary condition for the optimal encoder mapping.
Proposition III.1. The optimal encoder mapping f for problem (9) under the MSE distortion criterion must satisfy the implicit equation
where λ ≥ 0 and is given. The functions A(v) and B(v) are defined as
and g(y, u), for y = 0, 1, is the optimal MMSE estimator defined in (11) . Furthermore, the gradient of the Lagrangian function L(f, g, λ) over f , for g given as in (11) , is given by
Proof : See Appendix B.
To elaborate on the necessary condition obtained in (12), we consider two extreme values of the correlation coefficient r. If we have an independent side information, that is, when r = 0, it can be easily verified that the condition (12) coincides with the result obtained in [9, Proposition III.1] without considering a side information at the receiver. The optimal mapping in this case is an odd function.
Plot of the optimal encoder mapping for different SNR values is shown in Figure 2 . It can be seen that, for high SNR (large γ), the mapping tends to binary antipodal signalling, whereas for low SNR (small γ), it tends to a linear mapping. In contrast, with perfect side information, i.e., r = ±1, we have
, where δ(·) is the Dirac delta function, and, from (12) , it is seen that the optimal mapping is f (v) = 0. Therefore, g(y, u) in (11) is the MMSE estimate of V given U , namely
u. In Section V, we will present NOE mappings obtained via gradient descent by using (14) . We will observe that, due to the correlated receiver side information, the resulting encoder mappings are periodic, with a period that depends on the correlation coefficient r. Similar periodic mappings have been found to be optimal in [10] for the case with an infinite-resolution front end. Motivated by this observation and by the results in [9] for the case of no side information (see Figure 2) , we now propose two simple parameterized encoder mappings, which will be compared with the NOE mapping in Section V.
B. Periodic Linear Transmission (PLT)
Targeting the low-SNR regime, the first proposed encoder mapping is a periodic linear function with period β and slope α within each period. The encoder function is given by
where x is the largest integer less than or equal to x. In Figure 3 , an illustration of this mapping for α = 2 and β = 2.5 is shown. To satisfy an average power constraint of P , the following condition must be satisfied by (α, β) The parameters α and β can be optimized under a given average power constraint P in order to minimize the MSE distortion.
C. Periodic BPSK Transmission (PBT)
The second proposed encoder mapping, unlike PLT, targets the high-SNR regime and adopts digital modulation with two levels, namely, γ and −γ, with a period of δ. The mapping is defined as
where mod(·) 2 return its argument modulo 2. In Figure 4 , an illustration of this mapping for γ = 0.2 and δ = 2.5 is shown. Due to the average power constraint, we set γ = √ P , and parameter δ can be optimized to minimize the MSE.
D. Side Information Available at Both the Encoder and Decoder
Here, we consider the scenario in which both the encoder and the decoder have access to the side information U . In this case, without loss of optimality, the encoder can encode the error
where the random variable σ v rU/σ u is the MMSE estimate of V given U , which can be computed at both the encoder and the decoder. Since the random variable T , which is distributed as N (0, σ
, is independent of the side information U , the encoder can directly encode the error T via a mapping functionf (t) ignoring the presence of the side information U at the receiver. Therefore, the problem reduces to the one studied in [9] and discussed in Section III-A (see Figure 2) . As a result, a
is the optimal mapping with no side information shown in Figure 2 . Therefore, the optimal mapping is centred on the MMSE estimate σ v ru/σ u . We will see in Section V that, when the side information is not available at the encoder, the NOE consists of periodic replicas of a mapping similar tof (·) in Figure 2 . As further discussed in Section V, the period increases as the variance of the MMSE estimate of V given U , namely σ
E. Shannon Lower Bound (SLB)
A lower bound on the MSE distortion can be obtained by relaxing the zero-delay constraint, and using the Shannon's source-channel separation theorem. In [5] , it is shown that the capacity of the AWGN channel with a 1-bit ADC in (6) is given by
where h(·) is the binary entropy function defined as h(p) −p log 2 p − (1 − p) log 2 (1 − p). Furthermore, the rate-distortion function of a Gaussian source with correlated Gaussian side information at the receiver is given by the Wyner-Ziv rate-distortion function [13] R
IV. DOP CRITERION In this section, we consider the optimization of the system in Figure 1 under the DOP criterion. We first derive necessary conditions for an optimal encoder and decoder pair. Then we obtain a lower bound by considering the availability of the side information also at the transmitter.
A. Optimal Encoder and Decoder Design
We first obtain the necessary optimality condition of an encoder mapping f for a given decoder g. Then,
we obtain the optimal decoder g for a given encoder mapping f .
Optimal encoder: For a fixed decoder function g(y, u), we define the intervals
Each interval I 0 (u) and I 1 (u) in (22) With these observations in mind, the next proposition characterizes the optimal encoder mapping f for a given decoder g.
Proposition IV.1. Given a target distortion D, and a decoder with reconstruction function g(·, ·), the optimal mapping f (·) for the problem (10) under the DOP criterion satisfies
where S 0\1 (v) and S 1\0 (v) are defined as
and
Furthermore, the gradient of the Lagrangian function L(f, g, λ) over f , for a given g, is found as
Proof : See Appendix C.
Optimal decoder: Assuming that the encoder mapping f is given, we now aim to minimize the Lagrangian function in (10) for the DOP criterion over the decoding function g. The next proposition characterizes the optimal decoder mapping for a given encoder f .
Proposition IV.2. Given a target distortion D and an encoder mapping f (·), the optimal decoder g(·, ·)
for the problem (10) under the DOP criterion is obtained as
Proof : See Appendix D.
To provide further insights into Propositions IV.1 and IV.2, it is worth considering the two extreme cases of side information correlation. When r = 0 the decoder outputs g(0, u) =v 0 and g(1, u) =v 1 are independent of the side information U , and the conditions derived here coincide with those obtained in [9, Proposition IV.1] for the optimal mapping when there is no side information at the receiver. Instead, with r = 1, we can choose g(y, u) = g(u) = ± σv σu u; and hence, we have f (v) = 0 for all v.
Remark IV.1. In the low SNR regime, from (27), we have g(y, u) rσv σu u, y = 0, 1. Therefore, in the asymptotic low SNR regime, the DOP at the receiver is found as (see Appendix E)
In Section V, we validate (28) in the asymptotic low SNR regime.
B. Side Information Available at Both Encoder and Decoder
When the side information U is also available at the encoder, using the optimal decoder under the DOP criterion, the encoder can reconstruct the source as
From (29), we conclude that the best estimate of a Gaussian source from Gaussian side information under the DOP criterion equals the MMSE estimate. Given that (29c) can be reconstructed at both encoder and decoder, as in Section III-D, the optimal encoder uses the optimal mapping for the scenario without side information [9] as applied to the error signal in (18). In the following proposition, we show that the optimal decoder under the DOP criterion is obtained by summing the estimates computed on the basis of the side information u and the channel output y, separately.
Proposition IV.3. Given a target distortion D, the optimal decoder g(·, ·) for the problem (10) under the DOP criterion is obtained as
wheret y represents the optimal decoder for a Gaussian source with variance (1 − r 2 )σ 2 v as a function of Y , which is given in [9, Proposition IV.2]. The resulting minimum DOP is obtained as
where t is the solution of the equation te constraint P has no impact on the period of the NOE mapping, which instead depends on r (see Figure 6 ).
of the derivative of the Lagrangian (10) with respect to the encoder mapping f (·). The update is obtained by
where i is the iteration index, ∇ f L is defined in (14) and (26) for the MSE distortion and DOP criterion, respectively, and µ > 0 is the step size. The algorithm can be initialized with an arbitrary mapping. Here, we use a linear mapping with slope close to zero for initialization. It is noted that the algorithm is not guaranteed to converge to a global optimal solution. We also remark that different power constraints are imposed by means of a linear search over the Lagrange multiplier λ. In the following, we first discuss the numerical results for the MSE distortion criterion, followed by the DOP criterion.
MSE criterion: In Figure 5 , NOE mappings for the MSE distortion criterion obtained using the aforementioned gradient descent algorithm are plotted for different average power constraints, for a correlation coefficient of r = 0.85. We note the periodic structure of the mappings, which is in line with the results in [10] for an infinite resolution front end. In contrast, the optimal mapping obtained in [9] when r = 0 is a monotonically increasing function (see Figure 2) . We also observe that the average power constraint P does not affect the period of the mapping. In Figure 6 , NOE mappings for an average power of P = 5 are plotted for different correlation coefficients. We see that the period of the mapping instead depends on r:
the higher the correlation coefficient r is, the smaller the period of the mapping is. Furthermore, Figure shows that the SNR, or P , affects the slope of the encoder mapping in each period in a manner similar to Figure 2 , so that, for low SNR the optimal mapping resembles the perioding linear mappings studied in Section III-B, while for high SNR, the optimal mapping resembles the periodic BPSK mappings studied in Section III-C.
In Figure 7 , we plot the complementary MSE distortion (1 −D) versus SNR for the NOE, as well as for the PLT and PBT schemes, for correlation coefficient r = 0.6. The SLB and the MSE distortion achieved when both the encoder and the decoder have access to the side information U , which is referred to as the encoder lower bound (ELB), are also included for comparison. Following the discussion above, we observe that the performance of PBT is close to that of NOE at high SNR values. On the other hand, for low SNRs, PLT outperforms PBT and approaches the NOE performance. In Figure 8 , we plot the complementary MSE distortion (1 −D) versus the correlation coefficient r for a fixed average power constraint of P = 5. We note from Figure 8 that the ELB is tight in the low and high correlation regime, and in general there is a loss in the MSE distortion by not having the side information at the encoder. We recall that this is not the case with infinite resolution and infinite block-length. We also observe that PLT is tighter when the correlation is higher, while it performs quite poorly when the side information quality is poor. On the other hand, for this P values PBT performs relatively close to NOE for the whole range of side information correlation values. DOP criterion: In Figure 9 , NOE mappings for different power constraints and correlation coefficients are shown under the DOP criterion. For low enough values of the correlation coefficient, such as r = 0.1, the NOE mappings resemble the optimal mappings in the absence of receiver side information obtained in [9] , which corresponds to a binary transmitter as seen in Figure 9 . We observe that the domain of the mapping is limited, unlike for the MSE criterion, since values of the source that differ by more than √ D from the reconstruction points yield an outage irrespective of the mapping. As the correlation between the source and the side information increases, the domain of the mapping expands.
In Figure 10 , we plot the complementary DOP, 1 − (D), versus SNR for NOE mappings as well as the ELB under the DOP criterion, for correlation coefficients r = 0, 0.6, 0.8. We observe that in the low SNR regime the DOP is close to the ELB. This is because, in the low SNR regime the source estimate can be obtained based mainly on the side information. We also observe that, as the SNR increases, the DOP saturates to the source outage probability, which is independent of the SNR. 
VI. CONCLUSIONS
We considered the problem of transmission of a Gaussian source over an AWGN channel to a receiver equipped with a one-bit ADC front end. We also considered the availability of a correlated side information at the receiver. We studied this problem under two distinct performance criteria, namely the MSE distortion and the DOP, while imposing an average power constraint at the transmitter. Assuming that the transmission is zero-delay, in the sense that, it maps every single source output to a single channel input, we obtained necessary conditions for the optimal encoder and decoder mappings under both performance criteria. In the comparison to the previous work in [9] , we observed that the availability of correlated side information at the receiver has a significant impact on the shape of the optimal encoder mapping. For instance, as in the case of infinite-resolution front end [10] , the optimal mapping becomes periodic under the MSE distortion criterion. We observed that the period of the optimal mapping depends on the correlation coefficient between the source and the side information, but it is not affected by the transmitter power condition. For the DOP criterion, the availability of the side information enlarges the domain of the mapping, i.e., a larger set of source sample values are mapped to a non-zero channel input. Interesting future research direction include investigating the effect of higher level ADCs on the performance of the system, obtaining optimized structures when there is fading in the channel or when there are multi observations at the receiver.
VII. APPENDICES A. PRELIMINARIES: CALCULUS OF VARIATIONS
In the proofs of the Propositions III.1 and IV.1, we use variational calculus [14, Section 7 ] to obtain necessary optimality conditions. The next theorem summarizes the key result that will be needed.
Theorem A.1. Let F , G 0 and G i , i = 1, . . . , n, be continuous functionals of (f, H, t), (f, r 1 , . . . , r n , u, t) and (f, t, u), respectively, where H and r i , i = 1, . . . , n, are given by
Also, let F , G 0 and G i , i = 1, . . . , n, have continuous partial derivatives with respect to (f, H), (f, r 1 , . . . , r n ) and f , respectively. Consider the following minimization problem
Define ∇L as 
Proof : Following the conventional approach in the calculus of variations, we perturb the function f (t)
by an arbitrary function η(t) that vanishes on the boundary points t 1 and t 2 [14] . Let δ f L dL(f +αη) dα α=0
be the resulting Gateaux derivative of the functional L with respect to the parameter α. We have
F (f (t) + αη(t), H α (t), t)dt
where H α (t) is defined as 
Evaluating the derivative in (38), we have
is the Gateaux derivative of the functional H(t), which is computed as 
By plugging (45) into (43), we can write r 1 (u) , . . . , r n (u), u, t)du,
0 (f (t), r 1 (u), . . . , r n (u), u, t)dvdu.
By substituting (46) into (41) we have δ f L = 
